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Abstract

In this paper, we research the existence and multiplicity of the solution for singular fourth-order boundary value problem:
x® = f(t,x(t)),0 <t <1, with the boundary conditions x(0) = x(1) = x"(0) = x"(1)) = 0.. In this singular boundary value, the
function has no monotonicity. By using the method of topological degree, we establish solution existence theorem of singular boundary

value problem.
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1 Introduction

The ordinary differential equations with singularity appear
in the application of disciplines such as the gas dynamics,
fluid mechanics, and the boundary layer theory. The
simply supported on both ends of bending elastic beam
balance can be described by fourth-order boundary value
problems:

This paper is dedicated singular boundary value
problems where the monotonicity of f is removed. By

using the method of topological degree [1-4], multiple
solution existence theorem of singular boundary value
problems is established [5-8], namely f has singularity at

t=0,t=1 and x=0 , satisfying
(H,) f:(0,2)x(0,0) — [0, +x) is continuous,
f (t,u) < p(t)q(u) where p:(0,1) — [0, +o0) is continuous,
and q:[0,+o0) —[0,+0) is continuous.

X = f(t,x(t)),0<t<1,

, ) 1)
x(0) = x(2) = x"(0) = x"(2) =0.

2 Preliminary knowledge and lemma

To state our result, we need some notations. Let

C[0,1],C?[0,1] be Banach space, We denote by C[0,1] the

norm as ||| = rg1a>l(|x(t)| . We take the equivalent norm
<t<!

H 2 _ n|| _ "
in €011, ], =[]+ x| = max|x(0] -+ max|0)].
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Suppose G(t,s) :[0,1]x[0,1] — R be Green function of
second order linear boundary value problems —x"=0,
x(0) =x() =0, such as:

_|s@-1, 0<s<t<],
G(t‘s)_{t(l—s), 0<t<s<l. @
A is the operation on C*[0,1] :
(A = [ G(t,£)[ G(&,5) f (s, X(s))dsdé . 3)

Through the property of the Green function, we can
known for x € C*[0,1] for Ax e C?[0,1] and

(AX)"(t) = —j:G(t,s) f (s, x(s))ds . (4)

According to Equation (4) and the property of the

Green function, we get (Ax)"eC?[0,1] , namely
Ax e C*[0,1] and:
(A (1) = f(t,x(1)) . ®)

So A:C’[0,11 - C“[0,1] is a continuous map. By
compactness of embedded C*[0,1] — C*[0,1] , We get
A:C?[0,1] - C?[0,1]
From the equation (5), xeC?°[0,1] is the solution of

boundary problem(1) if and only if X is the fixed point of
A.

Lemma 1: Let X be Banach Space, and K = X be
defined a cone on X . For vp>0, K, is defined by

is a universal continuous map.
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K,={xeK|[x|]<p} . Suppose F:K,—>K be an

universal continuous map,

xe oK, ={xeK||x|=p} thereare Fx=Xx, then

1) |x| <||Fx|. x € 6K containing i(F,K,K)=0;

2) || >|[Fx|,x e &K, containing i(F,K,,K)=1.
Let E be E =C?[0,1]and K is defined by:

when

. 1
K= {x € C2[0,1]| x = 0,minx(t) = Z"X”} ,

where J =E,ﬂc[0,l] then K can be easily proved

that K isacone of E.
Lemma2: If A(K)cK and A:K > K, then Ais

an universal continuous operation.
Proof: For vt,s<[0,1], there are G(t,s) <G(s,s) .

Whenlsts§ ,if se[t,1], then:
4 4
1 1 .
G(t,s)=t(l-s) > Z(l—s) > Zs(l—s) ; if s [0,t], then:
1 .1
G(t,s)=s(1—t)zzszzs(l—s). Form the above, we

have G(t,s)z%s(l—s), ted, se[0,1]. So:

min(AX)(t) = min j:G(t, &) j:G(g, s)f (s, X(s))dsd & >
1 1 1
Zjog(l—z;)joe(g, s) f (s, x(s))dsd & > Z||Ax||.

Thus, there are Ax € K, this means A(K) c K.

The followings prove A:K — K is an universal
continuous operation. Let B < K be a bounded set, then
there exists L, >0, such that ||x|< L, , for vxeB. From

(H,), we get:
|AX(®)] < [.6(t,£) [ G(£,5) P(&)a(x(s))dsd &<
max{g(x):0<x <L} I:G(s, S)J:G(S, s) p(s)ds.

Those mean A(B) is uniformly bounded.

As, G(t,s) is continues on [0,1]x[0,1] , thus G is
uniformly continues. So for all Ve >0 , there exists
36>0, such as when [t, —t,| <&, we get:

IG(t,,£)-G(t,,&)| <
s(max{q(x):0<x <L} [ G(s.9)[ G(s,5) p(s)ds) .

Then for all ¥x € B, there are:
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[Ax(t,)— Ax(t) < 6 (4. )G (4. )| [, G (s, ps)as)
max{q(x):0<x<L}dé<e

This means A(B) is relative convergence.

Suppose X, X%, € K,x, — X, , then {x,} is bounded,
thus there are

| A%, () - A%, ()] < LGt &) [ G(&,5) p&)a(x,) — a(x,)|dsd

Form continuity of ¢ and Lebesgue dominated
convergence theorem, we know ||Ax, — Ax,| —0 . This

means A:K —K is a continuous operation. Then
A: K — K is an universal continuous operation.

3 Main Results

Theorem 1 Suppose f satisfy (H,) and the following
the conditions:

. . f(t,x
(Hz) Il_rnx~>0Infte[O,l]L

(Hs)
0<q(x) S%M‘lp  where 0.<M = (["G(t,5)p(s)ds) < o

f(t.x) _

= 0, “ﬂxaw Infte[O,l] o

there exists p for O0<x<p , such that

Then there exist two positive solutions x;,x, for the
singular fourth-order boundary value problem, which
satisfy 0.<|x[, < p<|x,], -

Proof: It is very easy to prove that there exists 4 >0

X,

x|
know that there exists r satisfying 0<r < p, such that if
x<r,te[0,1] for then f(t,x)>Ax . When xedK, ,
form the definition of K we can know:

(1)t
‘(Ax) (Ej‘ = joe(z , sj f (s, X(s))ds >

2 (1 1.2 /1
ﬂjfe[z,s)xdpzzjfe(E,s)ds||x||>||x||2,

thus, [|Ax], > Ax| > [, - Se:

3
satisfying %ﬂj;‘G(%,s)ds > >1. From(H,) we can
2

i(A K, K)=0. (6)

Meanwhile from (H,) we can know that there exists
R satisfying R >0, if x>R, then one has f(t,x) > Ax,
Let R=max{p,4R} , if xedK, , then we have

. 1 =
min x(t) = Z"X" >R,
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o1t 1
(AX) (Ej‘ = jo G (E’ sj f (s, x(s))ds >
3 (1 1.2 (1
lij(E,ijdeiij[E,sjds||x||>||x||z
Thus, there are ||Ax|, > |x], . So:
i(A K, K)=0. ©)

On the other hand, from (H,) we can know if
x € K, , then one have |x|, = p and:

|AX(©)] < [ G(t,£)], G(s,5) f (5. x(s))dsd <

[[ot.o) 6(s.9)pE)arx(s)dsds <

1 1 1 1 1 1
E.[OG(s,s)ds(J'oG(s,s) p(s)ds)M p< EMM P :§||x||2 ,
|(A%)"()] < j:G(s, s) f (s, X(5))ds <

1 Mflp p_l ]
.[OG(s,s) p(s)dsT < E—§||x||2 ,

o1 1
So || Ax], =] Ax]+[(Aax)°] < S|, + 5], =[], . and

i(A K, K)=0. (8)
From Equations (6)-(8), we can know:
i(A K \K,, K)=-1 i(AK\K,, K)=1.

Thus, there exist two positive solutions x;,x, of A on
C*[0,1] satisfying 0<|x||, < p <[X,], -

Theorem 2: Suppose f satisfy (H,) and the
following the conditions:
(H4) MX—M q(X) < 1 M _1,mx—>w q(X) < E M - ,
X 2 X 2

(H;) there exists p for E£x£p , such that

3 -1
f(t,x)>op, where a:UfG(%,s)dsj ,
4

Then there are two positive solutions x;,x, for the
singular fourth-order boundary value problem, which
satisfy 0.<||x [, < p<[x,],

Proof: From (H,) we can know that there exists r,

-1

e:0<r<pl0<e< > such that if

satisfying
-1

2

0<x<r, then g(x)<( —&)X, and if xedK, , then

ones have x|, =r,.
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|AX(D)| < j:G(t,g) jole(s, s)f (s, X(s))dsd & <
[,6t o] 6(s,9)p(s)alx(s)dsds <

Sfe6.9s( ;669 p(s)ds)@m N —g]r <

1

1
M(EM l—E)rJ_Erl,

[(AX)"(t)| < j:G(s, s) f (s, x(s))ds <

j:G(s, s) p(s)ds(% M —gj r, <

M (EM‘l—ng Slrl.
2 2
Thus, [[Ax], = |Ax]|+[l(Ax)"] <t =], . So:

i(AK,,K)=0. ©

Meanwhile from (H,) we can know that there exists
r,,g, satisfying r, >0,0<¢ <1, if x=r,, then one has

a(x) < (sz

—&)x. Let My =max{q(x)[0<x<r,}, if
1
2
R, =max{g'M,r,} , if ¥xedK, , then we have
|x], =R, and:

vx [0, +o0], then we have q(x) < ( —&)x+M, . Let

|AX(D)]< [[G(t. &), G(s.5) f (s, x(s))dsd £ <
[[6t.o)] 6(s.5)p(s)a(x(s)dsdé <

%I:G(S'S)dS(J:G(S,S)p(s)ds)K%M1 —el]x+ Mo}

1p 1
SEJ‘OG(S,S)dsMKEM —gljx+Mo}£

%RZ—M31R2+MMOS%RZ—MMO+MMO:

1
2
|(A%)"(t)] < _[:G(s, s) f (s, X(s))ds <

1
R, =3I,

J‘:G(s,s)p(s)ds{(%M o —gl)x+ MO} <

M[(%Ml—gl)x+Mo}s

1 1 1
§R2 _MMO + MMO ZERZ =E"X"2

Thus, ||Ax||2 <||x||2 . So;
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i(A K, K)=0. (10)

When vxedK,,[x|, = p, we have

" 1 _ 1 1
‘(Ax) (Ej‘ _joe(z,sj f (s, X(s))ds >
1 (1
JIOG(E,Sst~p=p=||x||2.

So:
i(AK,,K)=0. (11)
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From (9)-(11), we can know:
i(A K, \K,,K)=1, i(AK\K ,K)=-1

So there are two positive solutions x,x, of A on
C?[0,1] satisfying 0<|x[, < P <[x,], -
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